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Abstract: We deduce the canonical brackets amongst the creation and an- 
nihilation operators of a two (1 + l)-dimensional (2D) interacting Abelian 
1-form gauge theory with Dirac fields (QED) by exploiting the strength of 
the continuous symmetries of a Becchi-Rouet-Stora-Tyutin (ERST) invari- 
ant Lagrangian density that respects, in totality, six continuous symmetries. 
All these symmetries lead to the derivation of exactly the same canonical 
brackets amongst the creation and annihilation operators that appear in the 
normal mode expansions of the basic fields of the theory. We exploit here the 
basic concepts of the spin-statistics theorem, normal ordering and continuous 
symmetries (and their generators) to obtain the canonical brackets. For the 
sake of precise comparison, we also derive the above brackets by applying 
the usual canonical approach to the Lagrangian density of the theory. 
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1. Introduction 



Symmetry principles, through the ages, have helped physicists to umavel 
some of the deepest mysteries of nature. It is well-known, for instance, that 
the local symmetries govern the basic interactions of nature (see, e.g. [1] and 
references therein). Furthermore, the key concepts of symmetry principles 
lead to the conservation laws in the realm of classical and quantum systems 
and they also dictate selection rules in the context of the latter. In our present 
investigation, we establish that the continuous symmetry transformations 
lead to the derivation of basic (anti-) commutators that are at the heart of 
the covariant canonical quantization of a gauge theory within the framework 
of Becchi-Rouet-Stora-Tyutin (BRST) formalism [2]. 

In our present paper, we first demonstrate that the (anti-) BRST, (anti-) 
co-BRST, ghost and a bosonic symmetry transformations of a free 2D Abelian 
1-form gauge theory [3] imply the existence of the canonical brackets that are 
required for the covariant canonical quantization of the above theory within 
the framework of BRST formalism. It should be noted that all the above 
symmetries lead to the derivation of the one and the same canonical brackets 
(see, e.g. (17) below) that are also deduced by exploiting the usual canonical 
method applied to the appropriate Lagrangian density of the theory (see. 
Sec. 6 below). Thus, it is crystal clear that the multi-faceted usefulness of 
the continuous symmetries embrace in its folds the derivation of the basic 
canonical brackets, too, for a given theory. 

We go a step further in our second part and exploit the (anti-) BRST, 
(anti-) co-BRST and a bosonic symmetry transformations for the dynami- 
cally closed system (i.e. QED) of the 2D U(l) gauge field (described by A^), 
electrons and positrons (described by the Dirac fields t/j and t/j) to derive the 
basic anticommutators amongst the creation and annihilation operators that 
appear in the normal mode expansions of the Dirac fields. This derivation 
is non-trivial and more involved than the ones used for the case of the free 
U(l) gauge theory. The complication arises due to the fact that there are 
trilinear terms (see. Sec. 5 below) in the expression for the conserved (anti-) 
BRST and (anti-) co-BRST charges which turn out to be the generators of 
the above continuous symmetry transformations. This observation should be 
contrasted with the free case of the U(l) gauge theory where all the charges 
are endowed with the quadratic (bilinear) fields only (see, e.g. (6) below). 

In the context of the canonical method of quantization, we primarily ex- 
ploit a triplet of ideas. First, we use the spin-statistics theorem to distinguish 
the nature of the fields (i.e. fermionic/bosonic) that appear in a given the- 
ory. Second, from the Lagrangian density of a given field theory, we derive 
the canonical (graded) Poisson brackets between the field variables and cor- 
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responding conjugate momenta. These brackets are, ultimately, elevated to 
the canonical (anti-) commutators. Finally, the field variables and corre- 
sponding momenta are expressed in terms of the normal mode expansions 
that incorporate the creation and annihilation operators. The basic canon- 
ical brackets amongst the latter operators follow from the basic canonical 
(anti-) commutators. The relevant physical quantities (such as Hamiltonian, 
conserved charges, etc.) that play decisive roles in the canonical quantization 
scheme are, ultimately, expressed in terms of the creation and annihilation 
operators where the concept of normal ordering is required to render sensible 
physical meaning to these physical quantities. 

In our present investigation, we shall tap the potential and power of the 
celebrated spin-statistics theorem as well as normal ordering but we shall 
not exploit the concept of canonical (graded) Poisson brackets. Instead, in 
the place of the latter, we shall take the help of the continuous symmetry 
transformations (and their corresponding generators) to obtain the canonical 
brackets amongst the creation and annihilation operators. To the best of 
our knowledge, our present derivation is a novel theoretical method that 
has not been exploited, hitherto, in the context of the quantization scheme 
(where the creation and annihilation operators are involved). Our method 
has the potential to be generalized to other field-theoretic models which 
respect continuous symmetry transformations. The presence of the latter is 
a crucial requirement for our proposed method of quantization scheme. 

The prime factors that have propelled us to pursue our present investi- 
gation follows. First and foremost, it is very exciting to note that the 
symmetry principles, in some sense, dictate the basic canonical brackets of a 
given theory. Second, our present work has the potential to be generalized 
to the case of the 4D free Abehan 2-form gauge theory which is also en- 
dowed with a set of six continuous symmetry transformations [4]. Third, the 
derivation of the basic canonical brackets from the symmetry considerations 
is aesthetically more appealing than the derivation of the same by exploiting 
the definition of the canonical momenta from a given Lagrangian density. 
Finally, our present endeavor adds yet another glittering jewel in the crown 
of the versatility of symmetry principles (in the realm of theoretical physics). 

The contents of our paper are organized as follows. In section two, we 
discuss various continuous symmetry properties of the Lagrangian density of 
a. free 2D Abelian 1-form gauge theory to set up notations and conventions for 
the whole body of our text. Our section three is devoted to the derivation of 
conserved charges which, in turn, are expressed in terms of the creation and 
annihilation operators. Section four deals with the derivation of canonical 
(anti-) commutators by exploiting the basic tenets of symmetry principles. In 
section five, we dwell concisely on the 2D QED with Dirac fields and deduce 
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the canonical brackets amongst the creation and annihilation operators of the 
Dirac fields from their continuous symmetry transformations. Our section six 
deals with the derivation of the above brackets from the first principles that 
are applied to the Lagrangian density for the usual canonical quantization 
scheme. Finally, in section seven, we make some concluding remarks. 

In our Appendices A, B and C, we perform some explicit computations 
to clarify a few statements made in the main body of our text. 

2. Lagrangian formalism: symmetry principles 

We begin with the basic Lagrangian density of a free 2D Abelian 1-form 
gauge theory in the Feynman gaug^ (see, e.g. [5-7]) 

^ lE^-l{d-Af-id,Cd^C (1) 

where F^y = d^A^ — d^A^ is the curvature tensor derived from the 2-form 
F(2) = = \{dx^' A dx'')F^y where d = dx^df, (with d^ = 0) is the 

exterior derivative and 1-form A^-^'^ = dx^Afj_ defines the vector potential A^. 
The gauge fixing term {—^{d-AY) owes its origin to the co-exterior derivative 
S = - * d* (with 5^ = 0) because M^^^ = - *d* A^^^ = +(d ■ A). Here * is 
the Hodge duality operation on the 2D spacetime manifold. The fermionic 
(anti-) ghost fields {C)C (with = = 0, CC + CC = 0, etc.) are 
required for the validity of unitarity in our present quantum theory. 

The Lagrangian density (1) respects the on-shell (i.e. DC = 0, DC = 0) 
nilpotent (i.e. s^^^j, = 0) (anti-) BRST symmetry transformations S(a)b 

s^A^ = d^C SbC = SbC = -i (a ■ A) SbE = 

SabAf, = d^C SabC = SabC = +l{d-A) SabE = (2) 

under which, the physical (gauge-invariant) electric field (E), owing its origin 
to exterior derivative d = dx'^dfj,, remains invariant. Further, we have the 
following on-shell (DC = 0, DC = 0) nilpotent {sf^^^ = 0) (anti-) co-BRST 

^We adopt here the convention such that the 2D flat Minkowaskian metric rj^i, is with 
signatures (+1,-1) and P ■ Q ^ rj^uP^^Q" — PoQo — PiQi is the dot product between 
two non-null vectors P^ and Q^. Here the Greek indices ^,i>.... = 0,1 and Latin indices 
i,j.... = l. It is to be noted that, in 2D, Ff^^, has only electric field as its non- vanishing 
component (i.e. Fqi = —e^^df^Ai^ = E). We take 2D antisymmetric Levi-Civita tensor 
i^tii^) with the choice Eqi = +1 = — and the d'Alembertian operator O — ~ df. 
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(or (anti-) dual-BRST) symmetry transformations S(a)d [3] 

SdA^ = -e^.d'^C SdC = SdC = -iE Sd{d-A) = ^) 

SadA^ = ~e^,d-C SadC = Q SadC = +lE Sad{d-A)=Q (3) 

that leave the Lagrangian density (1) quasi-invariant. It should be noted that 
the gauge fixing term (9 • A), owing its origin to the co-exterior derivative, 
remains invariant under the (anti-) co-BRST symmetry transformations. 

A bosonic symmetry (s,^) (as the anticommutator {s^, Sd\ = —{sah-, ^ad} — 
s^) leads to the following infinitesimal transformations [3] 

s^A^ = d^E-e^,d^{d-A) s^E = U{d ■ A) 

SuC - s^C = Q s^{d-A) = UE (4) 

under which, the Lagrangian density (1) transforms to a total spacetime 
derivative. Furthermore, we have a continuous ghost symmetry transforma- 
tion {sg) in the theory, namely; 

SgA^ = SgC = +C SgC = " C SgE = S g {0 ' A) = (S) 

which is derived from the infinitesimal version of the scale transformations 
(C ^ C, C ^ C, A^ A^ where A is a global parameter). It is, 
thus, clear that we have a set of six continuous symmetries in the theory. Two 
of these (i.e. Sg,s^^) are bosonic in nature and rest of them (i.e. S(a)fe,S(a)d) 
are fermionic (s^^-^^ = 0, s^^-^^ = 0). The latter property is nothing but "the 
nilpotency of order two" that is associated with the (anti-) ERST and (anti-) 
co-BRST symmetry transformations that are present in our theory. 



3. Conserved charges in terms of creation and annihi- 
lation operators: exact expressions 

The continuous symmetry transformations, according to Noether's theorem, 
lead to the derivation of conserved currents. These, in turn, provide us the 
expressions for the conserved charges (i.e. Qr = J dxJ^, r = b, ab, d, ad, g, oj, 
where J° is the zeroth component of the conserved current J^). These 
charges, for our present theory, are as follows [3] 

= J dx [do{d ■A)C-{d-A)C] Qa J dx [E C - E C] 

Qab = Jdx [do{d ■A)C-{d-A)d] Qad = Jdx[EC-E C] 

= J dx [do{d ■A)E-E{d-A)] Qg ^ i J dx [C C + C C] (6) 
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where dot on a generic field $ denotes the time derivative (i.e. $ = ^). 

It is evident, from the Lagrangian density (1), that the basic fields of the 
theory satisfy the following Euler-Lagrange equations of motion 

UA^ = nC = DC = 0. (7) 

The normal mode expansions of these fields in the phase space of our present 
theory are listed below (see, e.g. [7] for details) 

/dk 

where 2-vector fc^ = {kQ,ki = k) is the momentum vector and aj^{k),c^{k) 
and c^{k) are the creation operators for a photon, a ghost and an anti-ghost 
quanta, respectively. The non-dagger operators a^{k),c{k) and c{k) stand 
for the corresponding annihilation operators for a single quantum. 

Plugging in these expansions (for t = 0) in the expression for the corre- 
sponding charges in (6), we obtainU the following (see, e.g. [8] for details) 



Qb = - j dkk'' [alik) c{k) + c\k) a^(fc)] 

Qab = - J dk k^ [al{k) c{k) + c\k) a^{k)] 

Qd = - j dk e^'k^ [c\k) a,{k) + al{k) c{k)\ 

Qad = - j dk e^^k^ [c\k) a,{k) + alik) c{k)] 

Qg = - j dk [c^{k) c{k) + c\k) c{k)] 

= i j dk e^'' k^kP [alik) a,{k) - al{k) ap{k)] 

= i [ dk kh^^'alik) a^{k) (9) 



where normal ordering has been performed. As a consequence, all the cre- 
ation operators, in each term, have been brought to the left. This ordering 



^We have taken into account the expression for the Dirac (5-function as 5{k — k') 
(l/27r) / dx [e='=*('^~'^ ) ^] in the explicit computation of the charges in equation (9). 
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renders the above conserved charges physically sensible. Furthermore, this 
operation fulfills an essential requirement of the quantization scheme. 

4. Canonical brackets: symmetry considerations 

According to the common folklore in quantum field theory, the conserved 
charges (6) (that are derived due to the presence of the continuous symmetries 
in the theory) generate the continuous symmetry transformations as 

— ±i Qr]^ r — b, ab, d, ad, uj, g (10) 

where $ is the generic field of the theory and Qr are the conserved charges (cf . 
(6)). The (+)— signs, as the subscripts on the square bracket, correspond 
to the (anti-) commutators for the generic field $ being (fermionic) bosonic 
in nature. The (+)— signs, in front of the expression on the r.h.s. (i.e. 
± i [$, Qr]_|_), need explanation. The pertinent points, regarding the choice 
of a specific sign for a specific purpose, are as follows: 

(i) for Sr — Sb, Sab, ^ad Only the negative sign is to be taken into 
account (i.e. s^A^ = —i [A^, Qb], SbC = —i {C, Qb}, etc.), and 

(ii) for Sf = Sg. the negative sign is to be taken into account for the 
bosonic field and the positive sign is to be chosen for the fermionic field (e.g. 
SgAf, = -i [A^, Qg] , SgC = [c , Qg] , s gC = +i [c, Q g] , etc). 

At this juncture, let us take an example = to make it clear 

that the symmetry principles dictate the structure of the canonical brackets. 
This symmetry transformation, mathematically, can be expressed as 

SbA^ = -i [A^, Qb] = d^C. (11) 

Now taking the normal mode expansions for A^ and C from equation (8), it 
is clear that we have the following relationships (see, e.g. [7]) 

[Qb, a^{k)] = c{k) [Qb, alik)] = -k^ c\k). (12) 

Plugging in the expression for Qb in terms of the creation and annihilation 
operators (cf. equation (9)), we obtain 

[a^{k), alik')] = r/^, 5{k - k') [a^k), al{k')\ = 

[alik), c(A;')] =0 [a^k), c\k')\ =0 

[a,{k), a,{k')\ = [a,{k), ct(A;')] = [a^{k), c{k')\ = 0. (13) 

In exactly similar fashion, the nilpotent BRST transformations 

SbC = -i {C, Q,} = ^ {Qb, c{k)} = {Qb, c\k)} = 
SbC = I {C, Qb} = -i{d-A)^ 

{Qh, cm = ik^a^{k) {Qb, c\k)} = -i k^ al{k) (14) 
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lead to the derivation of the following brackets 



{c^{k), c{k')} = -iS{k-k') {c{k), c{k')} = 

{c{k), c\k')} = +i6{k-k') {c\k), c\k')} = 

[alik), c{k')] =0 [a,{k), c{k')] = 

[at(fc), ct(fc')] = [a,ik), cHk')] = 

[alik), c{k')] = [a,{k), c{k')] = 0. (15) 

It is worthwhile to point out that the following statements are true, namely; 

(i) the above brackets have been derived by taking into account only the 
on-shell nilpotent BRST symmetry transformations (i.e. Sf,A^ = d^C, s^C — 
0, s^C" = —i{d-A)) that are present in our 2D theory, and 

(ii) the expressions on the r.h.s. of equations (12) and (14) enforce, in a 
subtle manner, the choice of the (anti-) commutators in (13) and (15). 

We would like to emphasize that the above exercise can be performed with 
a// the six conserved charges listed in (6). The relevant (anti-) commutators, 
that emerge from this exercise, are as follows 

[Qab, alik)] = -k^c\k) 
{Qab, c\k)} = +ik^al{k) 
= {Qa, c{k)} = {Qd, c\k)} = 
[Qa, al{k)] = +£^,rct(A;) 
{Qd, c\k)} = Me>'''k^al{k) 

[Qad, al{k)] = +e^.k^c\k) 
{Qad, c\k)} = -ie^''k,al{k) 

= [g„ a,{k)] = [g„ al{k)] = 

[Qg, c\k)] = +zc\k) 
[Qg, c^{k)] = -ic\k) 
[g^, a\{k)] = -tkh^,{anHk) 
[Qu., c{k)] = [Qo., c^k)] = 0. (16) 

The outcome of all the above (anti-) commutators, with the help of the 
normal mode expansions (8) and the expressions for the charges in (9), lead 
to the following non- vanishing brackets 

[a^(/c), alik')] = r]^,5{k-k') {c{k), c\k')} = +i 5{k - k') 
{c\k), c{k')} = -i5{k-k') (17) 



[Qab, 


^nik)] 


= +ki^c{k) 


{Qab, 


c(k)} -- 


= -ik^a^{k) 


{Qab, 


c{k)} -- 


- {Qab, c\k)} 


[Qd, 


a^{k)] -- 


— ^iivk c{k) 


{Qd, 


c{k)} = 


-- -ie'"'k^a,{k) 


[Qad, 




— ^nuk c(/c) 


{Qad 


. m} - 


= +is^''ki^a^{k) 


{Qad 


, c{k)} 


= {Qad, C'^ik)} 


[Q,, 


c{k)] = 


+ic{k) 


[Q9, 


-c{k)] = 


—ic{k) 


[Qu., 


a^{k)] 




[Q., 


c{k)] - 


= [Q., c\k)] = 1 
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within the framework of BRST formahsm. All the rest of the (anti-) commu- 
tators turn out to be zero. In a nut-shell, we have exploited the spin-statistics 
theorem (cf. (10)), normal ordering (cf. (9)) and continuous symmetries (and 
their corresponding generators) (cf. (10)) to derive our key result (17). 

5. QED with Dirac fields: canonical anticommutators 

Let us incorporate the Dirac fields in the Lagrangian density (1) so that we 
could obtain a dynamically closed system of interacting electron, positron 
and U(l) gauge photon in two (1 -|- l)-dimensions of spacetime. Such a 
Lagrangian density is as follow^ (see, e.g. [9]) 

CB = ^E^ + i; [ij'^d^ -m)^-e A^^ -\{d.Af-i d^C d^C (18) 

where Dirac fields (■?/', -0) obey ifjip + ipip = 0, ip"^ = ip"^ = and -0 = ■0"'"7°. We 
follow here the convention of left derivative (on the fermionic field variables) 
and be consistent with it throughout the whole body of our text. As a 
consequence, we have lie = i C, Uq = — i C, = — i ip'^ . 

The Lagrangian density (18) respects the on-shell nilpotent (anti-) BRST 
transformations. It can be seen that, in addition to the transformations (2), 
we have the following nilpotent and absolutely anticommuting transforma- 
tions for the Dirac field (see, e.g. [9] for details) 

Ship = —i e Cip Ship = i e C%p Sab'ip = —i e Cip Sabi^ = i e C%p (19) 

under which (18) remains quasi- invariant. The corresponding (anti-) BRST 
charges have the same expression as given in (6) but with a difference now. 
One has to make the following replacement in Q(a)b, namely; 

do{d-A) = -diEi + eV'To^ (20) 

which emerges from the equations of motion [d^F^'^ + d^ld ■ A) = e ip'^^ip). 
Thus, the expressions for the BRST and anti-BRST charges, that generate 
the transformations (2) and (19), are 

Qb = j dx [Ei diC + e ^7o^C - {d ■ A) C] 

Qab = jdx [E, d,C + e iP^o^C - {d ■ A) C]. (21) 

■^We choose the 2x2 gamma matrices in 2D in terms of the 2x2 PauH matrices such 
that 7° = cr2, 7^ = iai, 75 = 7^7^ = cts, {7'', 7"} = , -f^^-f^ = Efj.^j". Here ai (with 
i = 1, 2, 3) are the standard 2x2 hermitian and traceless Pauh matrices [9]. 
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Following (10) and (19), it is clear that the Dirac fields transform as 

Ship = -i {i/j, Qb} = -ieCi/j Sabi^ = -i {i>, Qab} = -ieCi) 
Sb^p = -i Qb} = +i eC^) SabiJ = -i Qab} = +i e Ctp (22) 

where we have used only the basic concepts of the continuous symmetries 
(and their generators) as well as the spin-statistics theorem. 

We can, at this stage, take the following mode expansions for the Dirac 
field^ in the momentum phase space [10] 

+ (d^Yik) v'^ik) e"'^-") (23) 

+ d"{k) (v^Yik) e+''=") (24) 

where (6°)"'" (A;), ((i")^(A;) are the creation operators and the corresponding 
operators without dagger (i.e. b°'{k),d'^{k)) are the annihilation operators. 
All these operators are fermionic in nature. The bosonic variables u°'{k) 
and v"(fc) are the plane wave solutions of the Dirac equation for the positive 
and negative energies, respectively. We shall be exploiting some of the key 
properties associated with these operators. A few of these are (see, e.g. [10] 
for details) 

u"{k) u'^ik) = {Yk^ + m) J2 ^°('^) ^"(^) = - ^) 

a a 

(u^ik) M°(A;) = 2ko {v^y{k) v"{k) = 2ko 5°^ (25) 

where u^ik) = (u^Yik) 7°, v^ik) = (v'^Yik) 7°. 

It will be worthwhile to mention that, in the case of 2D free U(l) gauge 
theory, it was quite easy to express all the conserved charges in terms of 
the creation and annihilation operators in a compact form without any ex- 
ponentials (cf. (9)) because in these expressions, the field variables turned 
out to be quadratic (bilinear) only. This is, however, not the far as 

^Our discussion is valid here for the Dirac fields in any arbitrary dimension of spacetime. 
We take only (27r)-factor in the denominator corresponding to the 2D interacting Abelian 
1-form theory so that we could be consistent with our earlier expansions (8). 
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the interacting 2D QED is concerned. It can be seen that, in the expres- 
sions for and Qabi we have terms (e.g. J dx eCip^il^ etc.) that arc not 
quadratic. Thus, to obtain the canonical brackets between the fermionic an- 
nihilation and creation operators (e.g. b'^{k), {b°'y{k), etc.) we have to adopt 
a different technique because non-quadratic terms can not be expanded in a 
compact form in terms of creation and annihilation operators without any 
exponentials. To elucidate this point, we do the following explicit exercise 
which conveys the main ideology of our approach. 

Let us try to obtain the canonical anticommutators from the following 
principles of continuous symmetry transformations: 

Sbi' = - i e C V = Qb} =^ e C V = {V', Qb} (26) 

where the BRST charge Qb is the generator of the transformations Sf,- Since 
the nilpotent (anti-) BRST charges are conserved quantities, it is simpler to 
perform all the computations with t = (see, e.g. [8] for details). Exploiting 
the expansions in (8) and (23), in this limit (i.e. t — 0), the l.h.s. is 

+c{k) id'')\k') v'^{k') exp [-1 {k - k') x\ + c\k) b°'{k') u'^ik') 
exp [+i {k - k') x] + c\k) {d^'Yik') v'^ik') exp [+i {k + k') x]) (27) 



where, in the exponentials, we have only the space part of the 2D dot products 
and k and k' correspond to the momenta for the fields C{x) and ib{x) in the 
phase space. The powers of exponential play very important roles when 
we compare the l.h.s. with r.h.s. (while exploiting the basic equation (26) 
related to the key tenets of continuous symmetries and their generators). 

As far as the computation of the r.h.s. is concerned, it should be noted 
that the following portions of the BRST and anti-BRST charges, namely; 

Qb^ e / dx C{x) i/j^x) %l){x) Qab ^ e dx C{x) tp\x) ^l){x) (28) 



contribute in the computations of S(^a)b'4^ ^-nd S{^a)bi^- Furthermore, it should be 
emphasized that the rest of the quadratic parts of the (anti-) BRST charges 
{Q{a)b) can be expressed in terms of the creation and annihilation operators 
and they appear in a compact form as is the case in (9). The explicit form 
of the contributing factor (in the case of Sbip), from the r.h.s., is 

e j dy{i;{x), C{y)^\y)i^{y)}. (29) 
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The above expression can be written in terms of the mode expansions of the 
fields C{y), 'il){y),tl)\y) and ipi^x) by exploiting (8), (23) and (24). It is evident 
that the comparison of the l.h.s. with the r.h.s. leads to the cancellation of 
the factor "e" present on both the sides (cf. (27), (29)). 

The relevant Qb part (i.e. / dy C{y) ip\y) i^{y)) for our computation, in 
terms of the mode expansion, can be written (for t = 0) as 

y (2vr)3/V(24 2^ 2A:0) V' " + 

+ 02 exp \-i {k2 - hi - ki) y] + 03 exp [-i (/c2 + ^3 + ^4) y] 
+ 04 exp [-i {k2 + ^3 - k^) y] + 05 exp [+i {k2 + k^ - k^) y] 
+ ae exp [+i {k2 + ^3 + ^4) y] + a? exp [+i {k2 - k^ - k^) y] 
+ as exp [+i {k2 - k^ + k^) y]^ (30) 

where A;2,fc3 and k^^ are the momenta associated with the mode expansions 
of C(y), i,<(y) and i>(y), respectively. The operators aE ( z = 1, 2, 3, ....8) are 



ai 


= C{k2) 


(6^)t(fc3) iu^)\k3) b'^ik,) U'^ik,) 


a2 


= C{k2) 


(6^)t(fc3) (u^yik,) (d^^k,) v'^ik,) 


as 


= C{k2) 


d\ks) {v^)\ks) b'^ik,) u'^ik,) 


04 


= C{k2) 


d\ks) {v^)\ks) (d'^yik,) v"{k^) 


as 


= c\k2[ 


) {b^)\ki) {u^)Kki) b^ik,) u^ik,) 


as 


= c\k2. 


) ib'')\ks) iu')\ks) {d^)\k,) v^{k. 


07 


= c\k2[ 


) d^ks) iv^)\ks) W{k,) u'^ik,) 


as 


= cHk2. 


) d-^iks) iv^Yih) (d^Vik,) v^ik,). 



Ultimately, we have to compute the anticommutator between the eight terms 
of the relevant part of Qf, and the two terms of the mode expansion of ijj{x, t) 
(cf. (23)) that are written in terms of operators 6"(A;) and {d°'y{k). 

It is clear from the expansion of ip{x,t) and the above eight terms that 
there would, in totality, be sixteen anticommutators in the computation of 
{ifj, Qb}- At this stage, the fermionic (i.e. i/j'^^x, t) = 0, {ip'^Y^x, t) = 0) nature 
of the fields ip{x,t) and ■0^(x,t) help us immensely. For instance, it can be 
seen that the following relationships amongst the creation and annihilation 
operators ensue from the first condition ilj'^{x,t) = 0, namely; 

^|J\x,t) = ^ {ijix,t), ^Pix,t)} = =^ {6"(fc), b^ik')} = 

{(d")t(fc), {d^ym = {b^{k), {d^ym = o. (32) 

^We have not written operators in the normal ordered form and maintained the 
order as they have appeared (because Qb is still not in the form hke expressions in (9)). 
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Similarly = implies the following 

{{b'^yik), {b^yik')} = {(6")HA:), d^ik')} = d^{k')} = 0. (33) 

Note that the relations (32) and (33) are also valid for k = k' (because of the 
limiting case). The above canonical brackets help us in evaluating sixteen 
anticommutators in a simple manner because many of them vanish. 

It is straightforward to check that the first term of the mode expansion of 
ip{x, t) (cf.(23)) and the first term of the expansion (30) lead to the following 
anticommutator (for t — 0), namely; 

r dki dk2 dks dk^ 

y^^J ^(27r)V(2/c? 2/cO 2/cO 2/cO) 

\}^{ki) u^{ki) e-'^' ^ ai e-' (^^2-^3+^4) j/| (34) 

where fci, A;2, ^3, A;4 are the momenta corresponding to the fields ^(x), C{y), 
ip^{y) and V'(y), respectively, in the phase space. It is clear from the expres- 
sion for "ai" (cf. (31)) and the relevant anticommutator of (32) that we 
have 
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uf'iki) (u'^yiks) }f{k^) u'^ik^) e-' ^ e-' ^'=2-fc3+fc4) y_ (35) 

Here a couple of points are to be noted. First, since we are exploiting here the 
equal-time anticommutators, all the field expansions have been written for 
t — 0. Second, since the (anti-) ghost fields are decoupled from the rest of the 
theory, the annihilation and creation operators 0(^2) and c'{k2) anticommute 
with the rest of the fermionic creation and annihilation operators. This 
can also be verified by the fact that, under the ghost transformations, the 
Dirac field ip does not transform (sgt/j — i [ip,Qg] — 0). Taking the help 
of Qg from (9) and i{j{x,t) from (23), it is clear that {b^{ki), 0(^2)} = 
0, {b^iki), c\k2)} = 0, {(dO^(^i), c(A:2)} = 0, {{d^Vih), ct(A:2)} = 0, etc. 

Comparing the above exponential with the exponential of the first term 
(cf. (27)) of the l.h.s. (i.e. C(a;) -0(3;)), it is straightforward that if we choose 

{b^iki), (b^yih)} = - 6{ki - ks) (36) 

we can match the exponential of the first term of the l.h.s. (cf. (27)) if 
k2 ^ k and k^ — )■ k' because we have the following definition of the Dirac 
5-function in the space part of the 2D spacetime manifold, namely; 
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With input from (36), we obtain explicitly the following expression 



dki dk2 dh i k, (x-y) -i {k2+k4) y 



(J2uf'{k^) u^{k^)) 7° b^{h) u^{h) (38) 

where we have inserted (7°)^ = / appropriately at a suitable place. 

The above type of expression also emerges from the anticommutator of 
the second term of ■il){x^t) (cf. (23)) with the third term of (30), namely; 

y~v y~v f ^ dki (i/c2 dk^ dk^ 



p , . ^ (27r) V(2A:? 2^0 2^3° 2^0) 
{(/)^(fci) v^{ki) e+'*^l^ 0,3 e-^('^2+'-^+''4) '^)} 

-EEE/ ^^pj^tt^iss) ^(^^) «<'^)'(*0. <r(.3)} 

v^(A;i) (^;^)^(A;3) U'ik^) u^ik^) e' e'' (^=2+^3+^4) y (39) 

due to the fact that {{dl^y{ki), b''{ki)} = (cf. equation (32)) and c{k2) 
does anticommute with the operator d^{ki). 

Finally, we obtain the analogue of equation (38) as 



e/* 



dki dk2 dk4 {x-y)„-i {k-z+ki) y 



g+i fei {x-y)^-i (k-z+ki) y ^(J^^'^ 



(27r)2 2k\^{2kl 2kl) 

(^v^ik^) v^{k,)) 7° b'^ih) u^{k,) (40) 



/3 



if we exploit the anticommutator {[d^)\ki), d'^ik^)} = — 6^'^ 6{ki — k^). 
Exploiting the trick of our Appendix A and using equation (25), it can be 
checked that the sum of (38) and (40) leads to 

E/p^)^^--<'"^'"'^('^^)*'W«"(M (41) 

which is nothing but the exact first term of the l.h.s. (cf. (27)) in the limit 
k2 k, ki ^ k' and a ^ a. In precisely similar fashion, it can be checked 
that the sum of the anticommutators between 
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(i) the first term of tp{x,t) and the second term of (30) and that of the 
second term of iIj{x, t) with the fourth term of (30) yields the second term of 
thel.h.s. (cf. (27)), 

(ii) the first term of 'i/j{x,t) and the fifth term of (30) and that of the 
second term of ij{x, t) with the seventh term of (30) produces the third term 
of the Lh.s. (cf. (27)), and 

(iii) the first term of 'i/j{x,t) and the sixth term of (30) and that of the 
second term of ijj{x,t) with the eighth term of (30) leads to the fourth term 
of thel.h.s. (cf. (27)). 

It should be noted that: it is the comparison of the exponentials from 
the l.h.s. and r.h.s. that dictates the non-vanishing brackets to be (59) 
(see. Sec. 6 below). Rest of the anticommutators amongst the fermionic 
creation and annihilation operators turn out to be zero. Exactly similar kind 
of computation, with the anti-BRST charge Qab, produces the basic canonical 
brackets between b°'{k) and {b'^Ylk') as well as between d°'{k) and {d^y{k'). 

The Lagrangian density (18) also respects the nilpotent (anti-) co-BRST 
symmetry transformations si^d in the massless (m = 0) limit of the Dirac 
fields. These transformationqj, in addition to (3), are [9] 

Sdip = - i eC 'j5'tp Sad = - i e C i) 

Sd = + i e C ip Sadi' = + i eC -f^ijj. (42) 

The corresponding (anti-) co-BRST charges {Q(a)d) have the same expression 
as given in (6) but now expressed as [9] 

Qd= dx 



EC + ei)-ii Cij + di{d-A) C 

Qad = jdxEC + e^-iiCi) + di{d-A)C. (43) 

The canonical brackets amongst the creation and annihilation operators can 
be computed from these conserved charges as well. Once again, as has been 
done with (anti-) BRST charges, the decisive role is played by the definition 
of the generator {Q(a)d) of the continuous symmetries {s(^a)d) (i-e. S(^a)d4' = 
—i{ip,Q(^a)d})- Let us take an example for the sake of clarification, namely; 

Sdtp = - i {ip, Qd} = - i eC 'j^ip ^ {tp, Qd} = eC -f^ip. (44) 

The term that would contribute from Qd is 

Qd ^ e dx ip^ 7o7i C -ip = - e I dx ip^ '-f^ C ip (45) 



^It should be noted that, in reality, we have the transformations on 'ijj{x) as Sd'^jj = 
-\-ieip^^C . For the sake of convenience, however, we have taken it as saip = -\-ie^^C'ip 
because {C^^)^ = ip{"f^C). In equation (42), we have taken this fact into account. 
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for the determination of the continuous symmetry transformation connected 
with Sd- Similarly, one can write all the rest of the fermionic transformations 
S(^a)d in terms of the corresponding generators. Following the tricks devel- 
oped in the case of the (anti-) BRST symmetry transformations, it can be 
checked that exactly the same non-vanishing anticommutators (amongst the 
creation and annihilation operators) emerge from this exercise, too. We have 
summarized some of the key steps of this computation in Appendix B. 
Finally, the following bosonic charge Q^j [9] 

Q^ = J dx (a ■ A)di{d ■A)-EdiE-e{d-A)ij-iiij + eEij-^oij (46) 

generates the bosonic transformations s^, on the fermionic fields as [9] 

s^V = -^e[75(a-A) + E]V^ s^i) ^ + i e[^^{d ■ A) + E]ij (47) 

which, in addition to the transformations (4), constitute the symmetry trans- 
formation for the Lagrangian density (18). The key equation (consistent with 
(10)) that leads to the determination of the canonical brackets amongst the 
creation and annihilation operators is the following relationship: 

s^V = + ^ [-0, Q^] = - ^ e [75(9 ■A) + E]'il) 
s^ij ^ + i [VS, Qu.] ^ + ie [75(9 ■A) + E] i,. (48) 

It is evident that, finally, we have to compute [ijj, Q^] = —e [75(5 ■ A) + Ejijj 
and ['0, Q^] — + e [75(9 ■ A) + E^ip for the determination of the canonical 
anticommutators amongst the creation and annihilation operators. For this 
purpose, the portion of the bosonic charge (Qw) that would contribute is: 
Quj ^ e f dx [{d ■ A)ip'' ip + E i/j'^ i/j] (where we have used (70)^ = (7°)^ = I 
and 75 = 7° 7^ in the final expression for this conserved charge). 

Once again, applying the rules of the commutators and anticommutators, 
we end up with the non-vanishing anticommutators as (59) (see below) that 
have been derived by canonical method. Some of the key steps of our present 
exercise are illustrated in our Appendix C for the readers' convenience. 

6. Canonical brackets: Lagrangian formalism 

It is evident that the canonical conjugate momenta from the Lagrangian 
density (1), for the basic fields of the theory, are 
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As a consequence, we have the following canonical commutator and anti- 
commutators for the theory in 2D, namely; 

[Af,{x, t), U^{y, t)] = ir]^J{x - y) 

{C{x, t), Uciv, t)} = i6{x - y) ^ {C{x, t),C{y, t)} = -S{x - y) 
{C{x, t), Uc{y, t)} = t6{x -y)^ {C{x, t),d{y, t)} = 6{x - y). (50) 

All the rest of the brackets are zero. It is clear that here two of the main 
ingredients of the canonical quantization scheme have been exploited. These 
are the elevation of the (graded) Poisson brackets to the canonical (anti-) 
commutators and the spin-statistics theorem. The top entry, in the above, 
implies the following commutators in terms of the components of the 2D 
gauge field and the corresponding conjugate momenta: 

[Ao{x,t),{d-A){y,t)] = -iS{x-y) 
[Ai{x,t),Ej{y,t)] = iSi,6{x-y). (51) 

The above form of the commutators would turn out to be useful later. 

To simplify the rest of our computations, we re-express the normal mode 
expansions of the basic fields (cf. (8)) as [11] 

A,{x,t) = J dk[a,{k)f;{x) + al{k)Mx)] 

C{x,t) = J dk[c{k)mx) + c\k)h{x)] 

C{x,t) - j dk[c{k)fl{x) + c\k)h{x)\ (52) 



where the new functions 



form an orthonormal set because they satisfy the following conditions 



dx fl{x) ido fk'{x) = 5{k- k') 



I 

j dx fl{x) idl rAx) = Jdx fkix) iS" fk'ix) = 0. (54) 

We have taken into account, in the above, the following standard definition 

A^ A{doB) - {doA)B (55) 
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for the operator Oq between two arbitrary non-zero variables A and B. Using 
the above relations, it is straightforward to check that 

c{k) 
c\k) 

Thus, we have expressed the creation and annihilation operators in terms of 
the basic fields and the orthonormal functions fk{x) and /^(a;). 

At this stage, a few comments are in order. First and foremost, it is 
straightforward to check that only the canonical brackets (17) survive in the 
explicit computations. Second, there exist six anticommutators from the four 
fermionic operators c(A;), c^{k)^ c{k), c'^{k). Out of which, four turn out to 
be zero because of the orthonormality relations (54) and due to the fact that 
(72 = ^2 = 0, {C{x,t), C{y,t)} = 0, {C{x,t), d{y,t)} = 0. Finally, there 
exist three basic commutators from the operators a^{k) and aj^{k). Out of 
which, two turn out to be zero (i.e. [o,i(A;), a^ik')] — [aj^{k), al{k')] — 0). 
The proof for it is simple because the commutation relations in (51) can be 
recast in the form [A^(a;, t), A^{y, t)] = —i rj^^ 5{x — y) due to the fact that 
(i) Aq = {d ■ A) + diAi and Aj = Ei + di Aq, and (ii) the spatial derivative of 
the gauge field commutes with itself (i.e. [yl.^(a;,t), diA^{y,t)] = 0). 

It is straightforward to check that the canonical brackets of (50) and (51) 
lead to the derivation of exactly the same brackets as are listed in (17). This 
can be checked directly by exploiting the explicit expressions for the creation 
and annihilation operators quoted in (56). In this computation, the concept 
of normal ordering has not yet been exploited because we have not dealt with 
any non-trivial physical quantity (e.g. Hamiltonian, conserved charges, etc.). 

The stage is now set to discuss the canonical quantization in terms of the 
fermionic creation and annihilation operators of the Dirac fields present in the 
Lagrangian density (18) for the 2D QED. As pointed out earlier, we have only 
the conjugate momentum corresponding to the i/j field (i.e. 11^ = —i ip'^{x)). 
Thus, the analogue of (50) (for the case of Dirac fields) is 

{i^{x,t), n^(y,t)} = i6{x-y)^{2P{x,t), ij\y,t)} = - 5{x - y) (57) 

and rest of the (anti-) commutators are zero amongst the fermionic variables 
(i/jjip^). Furthermore, the Dirac fermionic fields ip and -0^ have zero equal- 
time (anti-) commutators with the rest of the basic fields (i.e. A^, C, C) and 
their corresponding conjugate momenta that are derived from (18). 
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dx A^{x, t) i do fk{x) al{k) ^ j dx f^{x) i do ^^(x, t) 

^ y 

dx C{x,t) ido fk{x) c{k) - 

^ J dx fl{x) iS'c(x,t) c\k) ^ J dx fk{x) i^C{x,t). (56) 



_ ^ y 



It can be checked that the creation and annihilation operators in the 
expansions of ip and ip'^ (cf. (23), (24)), can be exphcitly expressed as 




dk e 

Vi^n 2ko) 



{u'')\k) ^{x,t) 



v/(27r 2ko) 
dk e^'^^'^ 



v/(27r2A;o) 

/dk e^'^^'^ 
^(27r 2fco) 



(^;")t(fc) ^(x,t) 



(58) 



where we have made use of the relations (25) (i.e. (ti")^(A;) u^{k) = 2kQ S' 
{v°'y{k) v^{k) — 2ko S"'^). It is now straightforword to check that 



and rest of the (anti-) commutators amongst h"{k), {l/)\k), d°^{k) and 
{d^YiJi) are found to be zero where, in the proof, we have to make use of 
{■0(x,t), '0(t/,t)} = 0, {'ip'^ {x,t)^ ip^y^t)} = and various relations that 
exist amongst u°'{k), {u'^y{k), v°'{k) and {v'^y{k) (see, e.g. [10] for details). 
Thus, we obtain the same canonical anticommutators (cf. (36)) as derived 
earlier by exploiting the continuous symmetry transformations (cf. (26)). 

Finally, we conclude that the basic canonical brackets, amongst the cre- 
ation and annihilation operators of the bosonic and fermionic fields of the 
2D QED with Dirac fields, can be derived in a straightforward manner 

(i) from the continuous symmetry considerations, and 

(ii) by exploiting the definition of momenta from the Lagrangian density. 
From both the above methods, the basic brackets (cf. (17), (59)) turn out to 
be exactly the same. Thus, the basic brackets (17) and (59) are hidden, in 
a subtle way, in the continuous symmetry transformations of the theory itself. 

7. Conclusions 

The central result of our present investigation is the derivation of the basic 
canonical brackets by exploiting the continuous symmetry transformations 
that are present in the interacting 2D Abelian 1-form gauge theory with Dirac 
fields. These brackets exist amongst the creation and annihilation operators 
that appear in the normal mode expansions of the basic fields of the theory. 



{b-ik), ib^)Hk')} 

{d"(A;), {d^ik')} 



5'^^ S{k - k') 
S""^ d{k - k') 



(59) 
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In our present endeavor, the key ideas that have been exploited are the spin- 
statistics theorem, normal ordering (in the expressions for the charges) and 
continuous symmetry transformations. The last of the above ideas is a novel 
one and it differs from the standard method of canonical quantization scheme 
where the (graded) Poisson-brackets are elevated to the (anti-) commutators 
in addition to the spin-statistics theorem and normal ordering. 

It should be noted that, in some of the standard text books (see, e.g. [12]), 
the canonical brackets amongst the creation and annihilation operators have 
been obtained by exploiting the Poincare operators (like momenta and angu- 
lar momenta) which are generators of the global spacetime transformations 
(i.e. translations plus Lorentz rotations). In our case, however, we have 
exploited only the continuous internal symmetry transformations connected 
with the BRST formalism. These continuous symmetry transformations are 
needed to prove that the 2D QED with Dirac fields is a field-theoretic model 
for the Hodge theory [9] where the above symmetry transformations (and 
corresponding charges) provide a physical realizations of the de Rham coho- 
mological operators of differential geometry (see, e.g. [13-15]). 

One of the most beautiful observations in our present investigation is the 
emergence of the one and the same basic canonical brackets (cf. (17) and 
(59)) from all the continuous symmetry transformations that are present in 
the theory. In fact, even though the continuous transformations (cf. (2)- 
(5), (19), (42), (47)) (and their corresponding generators) look drastically 
different, the hidden basic brackets (cf. (17), (59)), that emerge from the 
application of (10), are exactly the same. This key observation ensures that 
the symmetry principles encode in their folds the canonical brackets of a 
given theory. To the best of our knowledge, our method of the derivation of 
(17) and (59) is a novel result (in the realm of theoretical physics). 

We have purposely discussed, separately and independently, the free 2D 
U(l) gauge theory and the interacting 2D QED with Dirac fields. This is due 
to the fact that all the conserved charges in the case of the former turn out 
to be quadratic (bilinear) in fields. As a consequence, they can be expressed 
in terms of the creation and annihilation operators in a neat and compact 
form without any exponentials (cf. (9)). This is not the situation with the 
2D QED with Dirac fields. It can be seen that the continuous (anti-) BRST 
and (anti-) co-BRST transformations of the Dirac fields {ip{x, t) and ^^^(a;, t)) 
are generated by the charges that contain trilinear terms which can not be 
expressed in terms of the creation and annihilation operators in a compact 
and neat form. Thus, the derivation of the basic canonical brackets, from 
the above trilinear terms, becomes quite involved. In our present endeavor, 
however, wc have been able to accomplish our goal in a neat and clear fashion. 

Symmetry principles, as is well-known, have already played decisive roles 
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in the developments of modern theoretical physics. We firmly believe that 
the key aspects of symmetry principle, highlighted in our present investiga- 
tion, can be generalized to the description of higher p-form (p > 2) gauge 
fields that appear in the excitations of the (super)strings. Thus, our present 
endeavor should be treated as our modest step towards our main goal of 
studying various aspects of the free 4D Abelian 2-form (see, e.g. [4]) and 
higher p-form (p > 3) gauge theories within the framework of BRST for- 
malism. We are intensively involved, at present, in the above mentioned 
endeavors and our results would be reported in our future publications [16]. 
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Appendix A 

We estabhsh here the consistency between the anticommutators of various 
types amongst the creation and annihilation operators of Dirac fields and the 

ones that exist between the field variables themselves (i.e. {'(/^{x, t), ^(y, t)} = 
0, {^PKx,t), i>\y,t)} = 0, {^(x,t), V^(y,t)} = - Six-y)). To this end 
in mind, it can be seen that the l.h.s. of the last anticommutator can be 
expressed, using expansions (23) and (24), as 

{b'^ik), (b^)''(k')} u'^{k) {u^)\k') exp [i(ko -k'^)t- i(kx - k'y)\ 

+ {{(r)\k), d^{k')] v'^ik) {v^y{k') exp [-i{ko -k'o)t + i{kx - k'y)] 
+ {{(r)\k), {h^)\k')] v'^ik) iu^y{k') exp [-i{ko + k'^) t + i{kx + k'y)] 

+ {6"(A;), d\k')] u'^ik) {v^ik') exp [i{ko + k'^) t - i{kx + k'y)]\ (60) 

where we have not taken t = for the sake of generality and transparency. 
It is clear from this canonical bracket that the r.h.s. of the above equation is 
the Dirac delta-function (cf. (37)). A comparison with the definition of the 
delta-function implies that the following anticommutators are true: 

mk), d^(k')} = m^k), (d^Vik')} = 0. (61) 



21 



The above conclusion is drawn because of the exponentials that are present 
in the Dirac delta-function (37) (i.e. r.h.s) and (60) (i.e. l.h.s.). It can be 

easily seen that the exponentials in third and fourth terms of (60) can not 
produce 5{x — y) for k and k' being positive definite. 

Furthermore, if we assume the other remaining brackets to be (59), we 
obtain the following expression for (60), namely; 



/^2kl2k',) ^ '^^^ " ^'^ (^"^''^ ^'''^^'^^'^ [-ik{x- y)] 

+v'^{k) {v'^y{k') exp [+ik{x- y)]^ (62) 



where we have taken into account the fact that ko = k^ because of the 
presence of the 5{k — k') (implying e^i^°~^'°^ * 5{k — k') — 5{k — k')). Inserting 
(7°)^ — I appropriately and using (25), we obtain the following 

/ ^ {h^Q - k-fi + m) -fo exp [- i k {x - y)] 
+ (^o7o - - "T-) 7o exp i k {x - y)]. (63) 
Changing k — )■ —k in the second term, we obtain the following final expression 

/dk 
(2M exp [-i (64) 

which is nothing other than the Dirac delta-function. 

Similarly, it can be checked that there is absolute consistency between the 
canonical anticommutators that emerge from the Lagrangian density (18): 

{V;(x,t), i^{y,t)] = {V^t(x,t), i^\y,t)] = (65) 

and the following anticommutators amongst the creation and annihilation 
operators that ensue due to the mode expansions of the above fields, namely; 

{fe°(A:), h^{k')] = {d'^ik), d^{k')} = 

{b"ik), {d^y{k')} = {m^k), {b^y{k')} = o 

{{d'^yik), {d^)Hk')} = imHk), d^{k')} = 0. (66) 

Thus, we have established an absolute consistency between the canonical 
brackets consisting of 'i/j{x,t) and ip^Xjt) and the corresponding canonical 
brackets (anticommutators) existing amongst the creation and annihilation 
operators that appear in the mode expansions of the above fields. 
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Appendix B 

Here we provide some of the key steps that are needed in the determination 
of the anticommutators (59) from the continuous symmetry transformations 
S{a)d generated by the (anti-) co-BRST charges Q(a)d- It is evident from 
equations (44) and (45) that we have, for the specific case of co-BRST trans- 
formation {sdi^ — —iej^Cip — —i{ip,Qd}), the following expression: 

eCj,,p = +e 75 / dy {^(x), C{y),p^{y)i^{y)} (67) 



where we have used Ci/j'' + i/j'^C = 0. The above expression, finally, reduces 
to the following straightforward equality: 

C{x) V(x) ^1 dy {^l^ix), C{y)i;\y)^l^{y)} (68) 

which is similar in appearance as the corresponding nilpotent ERST transfor- 
mations (cf. (26), (29)) with the replacement C — >■ (7. In fact, the expression 
in (68) is exactly same as the one connected with the anti-BRST symmetry 
transformations and corresponding generator. 

The l.h.s. of (68) (for t — 0) can be written, analogous to (27), as 

+c{k) {d'^)\k') v'^{k') exp [-1 {k - k') x\ + c\k) U^ik') u'^{k') 

exp [+1 {k - k') x] + c\k) (rf°)^(A;') v''{k') exp [+i {k + k') x]). (69) 



Similarly, the r.h.s. of (68) can be written, analogous to (30), as 

+ 62 exp [-i {k2 -ks- ^4) y] + h exp [-i {k2 + A;3 ^4) y] 
-\- 64 exp [-i {k2 -\-k^- ki) y] + 65 exp [+i {k2 + k^ - ki) y] 
+ be exp [+i {k2 + k3 + k4) y] + 67 exp [+i {k2 — ks — ^4) y] 

+ bs exp [+^ (/C2 - /C3 + k^) y]j (70) 

where we have taken t = for the relevant portion of the Qd because it is a 
conserved quantity. Furthermore, we are using here the equal-time anticom- 
mutators which enforce us to take the mode expansion of ip{x,t) at t = 0, 
too. The momenta /c2, /ca and k^, in the above, are associated with the mode 
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expansions of C{y),ip'^{y) and i^{y), respectively. The explicit form of the 
operators 6^ (i = 1, 2, 3, ....8), in the above, are 



h 


= Kh) 


{W)\k^) {u^)\k^) b'^ih) u'^ik,) 




= Kh) 


(b^Yiks) {u^y{k,) idn\k,) v'^ik,) 




= C{k2) 


d^ks) (v^'Yiks) b'^ik^) u'^ik^) 


b4 


= c{k2) 


d^ks) (VYik,) (dnHk,) v'^ik,) 


h 


= C\k2 


) ib^Yik,) (u^yiks) ¥{k,) u"{k,) 


h 


= C\k2 


) {b^)\k,) (u^yik,) {dn^k,) v"{k,) 


br 


= cHk2 


) d^{k,) {v-'Yik,) W{k^) u'^ik,) 


bs 


= C\k2 


)d^ks) iv'')\k,) {d-)\k,) v'^ik,). 



It should be noted that we have not yet written the operators bi in the 
normal ordered form and we have maintained the order as they appear in 
the expression for a portion of Qa (where the local fields C{y),il)\y) and 
'0(y) are present). This is due to the fact that Qd is still not in the form (9). 

Exploiting the inputs from (32) and the fact that the ghost transformation 
for the field il){x) is zero (i.e. Sgip = +i[ilj,Qg] = 0), it is clear, from the 
expression in (9) (for Qg) and expansion in (23) (for the field il^{x)), that the 
following anticommutators are true, namely; 

{bP{k,),c{k2)} = {b^{k,),C^{k2)} = {bf'{k,),c{k2)} = 

{b^{k,),c\k2)} = {(rf^)H^i),c(fe)} = {idy{h),c\k2)} = 
{{d^)\k,),c{k2)} = {{d^y{h),c\k2)} = 0. (72) 

It will be noted that all the arguments of the BRST transformations (i.e. 
Ship — — Qb} — —ieCip), discussed in the main body of our text, would 
be applicable in our present discussion (connected with the continuous sym- 
metry transformation s^ip = Qd} = —i^-l^Cil)) as well. It is clear now 
that we shall obtain, ultimately, the non-vanishing brackets as (59) and the 
rest of the brackets would turn out to be zero. 

Appendix C 



We discuss here some of the crucial algebraic steps for the derivation of the 
fundamental brackets (59) from the continuous symmetry transformations 
generated by the bosonic charge Q^^. It is evident from (48) that 

- e[75(a-A) + E] = [V', QJ\ (73) 
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where the term that contributes from Q^j is: e J dy [{d ■ A)'y^ip^'ijj + Eijj^i/j]. 
Thus, the factor "e" cancels from l.h.s. and r.h.s. of (73). Plugging in the 
expansions from (8) (with d- A = d^A^, E — —e'^^dfj^Ai,) and (23), we obtain 
the l.h.s. of (73) (for t = 0) as: 

a 

-a^{k) u'^ik') 6"(A;')e- - a^(A;) (ci")HA;') v''{k') e" H (74) 

where k and k' are the momenta in the phase space corresponding to the 
field expansions in (8) (for A^(x) field) and (23) (for iplx) field). 

The relevant expression for on the r.h.s. is : ^ f dy (j^{d-A){y)jc^ + 
E{y)] "4^\yy(p{y))- Exploiting the expansions of (8), (23) and (24) at t = 0, 
we obtain the following expression for the relevant Qt^ operator, namely; 

E E / ^^ (2.)3/v(tf2t°2)^^ + 

l^c^^^ exp (+ i {k2 + k^- k^) y) + c^^^ exp (+ i (/c2 + /cs + ^4) y) 
+ c^^^ exp (+ I {k2 -h - ki) y) + c[f^ exp (+ i (^2 + k^) y) 
+ cjf) exp (- i {k2 -ks + ki) y) + cjf^ exp (- i (A;2 -k^^- k^) y) 

+ cJJ) exp (- i (^2 + A;3 + k^) y) + cjf^ exp (- i (k2 + A;3 - A;4) y)^75) 

where k2, k?, and arc the momenta corresponding to the fields A^(y), V'Hz/) 
and '^'{y)-, respectively. The operators c^^ {i = 1,2, 3,. ...8) arc 

i'^ = c^lih) {b-^yik,) (u^yik,) b'^ik,) u-{k,) 

= 4(^2) {b^)\ks) {U^yiks) {d'^)\k,) V%k,) 

cf = al{k2) d^k,) {v^Yik,) b'^ik,) u'^ik,) 

= 4(^2) d-^ik,) {v^)\k,) (dnKh) V^ik.) 

cf = - a^{k2) (b^yiks) {u^Yiks) b'^ik,) u'^ik,) 

cf = - a,{k2) {v?)\k^) (d'^Yik,) v'ik,) 

c(J) = - a,{k2) d-'ik^) {v-^yiks) b'^ik,) u'^ik,) 

c(f) = - a,ik2) d\ks) {v^)\k,) {d^)\k,) v'^ik,). (76) 

where the order of the creation and annihilation operators has been main- 
tained (without any kind of implementation of the normal ordering) . 
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Now the stage is set for the exphcit computation of the bracket [tp, Q^]. 
Prom expansion of tp{x) in (23), it is clear that there would be sixteen com- 
mutators but many of them would vanish due to our earlier arguments. It 
can be checked that commutator of the first term of expansion of ip{x) (in 
(23)) and the first term of the relevant part of Q^j in (75) (for t = 0) yields: 

E E E / ^y i2jXtittltll2ki) + 

exp {—i ki x) exp {+i (^2 + ks — k^) y). (77) 

Exploiting the appropriate rules of the commutators we obtain, ultimately, 
the following existing bracket, namely; 

-EEEy ^^ (2.)V(2fe°2fc°2fc0 2fe°) ^-+^^^^') 

al{k2) [l/{k,), (6^)t(fc3)} b'^ik^) u^ikr) {u'')^iks) u''{k^) 
exp \—i ki x + i {k2 + ks — ki) y\ (78) 

where we have already exploited (32) and the commutator [^^{ki), (A;2)] = 
due to the fact that there is no mixing between fields A^(x') and ■0(a;) 
as far as our basic continuous symmetry transformations S(^a)b ^-nd S(^a)d ^-re 
concerned. It is also clear that, under the ghost transformations, fermionic 
fields -0 and ip'^ do not transform at all. Hence, no mixing here as well. 

The exponentials of the first term of the l.h.s. of (73) (which is explicitly 
expressed as (74)) and the above commutator would match if we exploit the 
relevant canonical bracket of (59) (i.e. {b/^iki), (b'^yiks)} = -5^'^S{ki - ks)). 
As a consequence, we obtain 



^ dk2 dks dkj 



■?/ 

Similar kind of terms would be generated from the commutator of the second 
term of ip (cf. (23)) and the third term of the relevant portion of (cf. 
(75)). This can be expressed as 

' E / '^^ (2.)C(2t°^t°2t°2fc°) + - 

at (^2) E(^^(^i) ^^(^1)) ^"(^4) m"(/c4) ^^^-'^^^ ^. (80) 
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The sum of (79) and (80) (with the help of (25), definition and properties of 
the Dirac 6- function) produces the first term of the l.h.s. (cf. (74)) where 
one has to make the replacements: k2 — )■ fc, /i;4 — )■ k' and cr — )■ a. 

It is now straightforward to check that the rest of the terms of the l.h.s. 
(cf. (74)) can also be produced with various combinations of commutators 
from the first and second terms of "0 (in (23)) and some appropriate terms 
of (75). It is crucial to note that, in all these computations, the canonical 
brackets (59) play very decisve roles as they are the root cause behind the 
emergence of the correct powers of the exponentials on the r.h.s. In other 
words, we conclude that an accurate comparison of the exponentials from 
the l.h.s. and r.h.s. (of (73)) leads to the derivation of the canonical brackets 
amongst the creation and annihilations operators of (59). 
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